Abstract. In the present article we propose genuine Lupaş-Beta operators of integral type. We establish quantitative asymptotic formula and a direct estimate in terms of second order modulus of continuity. Finally we consider the Bézier variant and obtain the rate of convergence for functions having derivatives of BV.
Introduction
Convergence estimates concerning linear positive operators is an active area of research among researchers in the last few decades. It is easier to construct new operators, but every time it is not straight forward to get their convergence estimates. In the year 1977 Pethe and Jain [8] proposed a general family of linear positive operators while generalizing Szász-Mirakjan operators. After three decades in the year 2007, Abel and Ivan [1] studied these operators in slightly different form and considered the following form of operators to establish complete asymptotic expansion. For c = c n ≥ β, n = 0, 1, . . . , the operators discussed in [1] are defined as where (a) k is the rising factorial given by (a) k = a(a + 1)(a + 2) · · · (a + k − 1). These operators are well-defined, for all sufficiently large n, since the infinite sum in above form is convergent if n > A/ log(1 + c) (the case c = 1 provides the Lupas . operators [9] ) provided that |f (t)| ≤ Ke At (t ≥ 0), that is f ∈ E. These operators as such can not be utilized to approximate integrable functions. In order to approximate integrable functions several hybrid Durrmeyer type operators have been considered in [3] [4] [5] [6] [7] with different weight function.
In the year 2008, Mihes . an [10] proposed another form of general operator, which include some of the well known operators as special cases. The operators discussed in [10] 
We observe here that the forms of the operators (1.1) and (1.2) are same, if we put c = α/nx in (1.1), we may get at once the operators M α n (f, x). We propose below the integral modification of the operators (1.2), by taking weights of Beta basis functions in the following way
where m n,k (x, α) is given by (1.2) and
where B(m, n) being the Beta function. It is observed that these operators preserve linear functions. For different values of α, one may get different special cases. Some of the special cases are indicated as below.
(i) In case if α → ∞, we obtain the Szász-Beta operators, which are defined by
and b n,k (t) is as defined in (1.3).
(ii) When α = n, we obtain the Baskakov-Beta type operators, which for x ≥ 0 are defined by
and b n,k (t) is as defined in (1.3). (iii) If we take α = nx, the operators (1.3) will reduce to the Lupaş-Beta operators, defined as
Remark 1.1. When α = −n, then the basis m n,k (x, −n) will reduce to the Bernstein basis function defined as
As the operators (1.3) are defined on positive real axis, while the Bernstein basis function takes the valves in the interval [0, 1]. So it is not often to consider such hybrid operators as this case.
In the present article, we establish quantitative asymptotic formula in terms of weighted modulus of continuity and a direct result in terms of second order modulus of continuity. Finally we consider the Bézier variant and obtain the rate of convergence.
Moments
In this section we find moments using the concept of Hypergeometric functions. 
Proof. Obviously using Γ(r + k) = (r) k .Γr, we have
, the result follows immediately. This completes the proof of the lemma.
Remark 2.1. By simple computation from Lemma 2.1, the first few moments are given by
, then by simple computation using Remark 2.1, we have 
Direct Estimates
1+x 2 is finite. The weighted modulus of continuity Ω (f, δ) defined on infinite interval R + (see [2] ) is defined as
Now, some elementary properties of Ω (f, δ) are collected in the following lemma.
We now estimate the following quantitative Voronovskaja-type asymptotic formula. 
where
and h is a continuous function which vanishes at 0 and η lies between x and t. Using Remark 2.2, we get
To estimate last inequality using Lemma 3.1 and the inequality |η − x| ≤ |t − x|, we can write that
Also,
Using Remark 2.2, we deduce that
the result follows.
Our next direct result is in terms of modulus of continuity, we first define some class. By C B [0, ∞), we mean the class of all real valued continuous and bounded functions f on [0, ∞). We denote the norm ||f || = sup x∈[0,∞) |f (x)|. For f ∈ C B [0, ∞) and δ > 0, the m-th order modulus of continuity is defined as
where ∆ is the forward difference. In case m = 1, we mean the usual modulus of continuity denoted by ω(f, δ). The Peetre's K-functional is defined as
where C is a positive constant.
B [0, ∞) and x, t ∈ [0, ∞). By Taylor's formula, we have
Hence,
Now using operator (1.3), we have
Lastly, taking infimum over all g ∈ C 2 B [0, ∞), and using the inequality
we get the desired result.
Rate of convergence of Bézier variant
For β ≥ 1 the Bézier variant of the operators (1.3) is defined by 
where g ∈ BV [0, ∞), i.e., g is a function of bounded variation on every finite subinterval of [0, ∞). = l, then for sufficiently large n, we have
(n−1) 1 (z−x) 2 , x < z < ∞. Using Remark 2.2, the result follows immediately. 
Using Remark 2.2, we get
Also using Remark 2.2, for sufficiently large n, we get
Obviously, A 3 = 0. Thus our problem is reduced to calculate the estimates of the terms A
, using integration by parts and applying Lemma 4.1 with
Finally, using integration by parts in B α,β n (f x , x) and applying Lemma 4.1 and CauchySchwarz inequality, we have
We see that there exists an integer r, 2r ≥ ρ, such that f (t) = O(t 2r ), as t → ∞. Now proceeding in a manner similar to the estimate of A α,β n (f x , x), on substituting t = x + x u and in the last step using the Remark 2.2 and Lemma 4.1, we get
Collecting the estimates A 1 − A 3 and A α,β n (f x , x) and B α,β n (f x , x), we get the required result. This completes the proof.
Graphical Representation
The convergence of the operators M α n (f, x) for the functions f (x) = x 2 + 2x + 7 ( Figure 1 and Figure 2 ) and f (x) = x 3 + 4x 2 + 3x + 8 ( Figure 3 and Figure 4 ) are indicated below. 
